A study is undertaken of the gravitational collapse of spherically symmetric thick shells admitting a homothetic Killing vector field under the assumption that the energy momentum tensor corresponds to the absence of a pure outgoing component of field. The energymomentum tensor is not specified beyond this, but is assumed to satisfy the strong and dominant energy conditions. The metric tensor depends on only one function of the similarity variable and the energy conditions identify a class of functions F to which the metric function may belong. The possible global structure of such space-times is determined, with particular attention being paid to singularities and their temporal nature (naked or censored). It is shown that there are open subsets of F which correspond to naked singularities; in this sense, such singularities are stable. Furthermore, it is shown that these singularities can arise from regular (continuous), asymptotically flat initial data which deviate from the trivial data by an arbitrarily small amount.
Introduction and summary
The most significant open problem of general relativity is that of cosmic censorship, encompassing as it does such a wide range of topics as black hole physics and the global initial value problem. There exist several different and sometimes inequivalent phrasings of this problem, but they all centre on the same issue: what is the relationship between the temporal nature of singularities and the initial data which give rise to them? The cosmic censorship hypothesis asserts that, roughly, physically realistic initial data cannot give rise to singularities which are visible to observers. There are many caveats: the phrase 'physically realistic' needs to be interpreted appropriately and should include some precise notion of being generic. For example, and significantly for the following, initial data which have zero measure in some general space of initial data sets and which lead to naked singularities should not be considered physically significant. Since no data can be measured with infinite precision, the physical initial data would overlap with the region of initial data space which leads to censored singularities.
There are many significant recent results which work in favour of the cosmic censorship hypothesis. In particular, the hypothesis (and much more besides) has been proven for the case of small data [1, 2] . See [3] for a review of the status of the weak hypothesis (no globally naked singularities from generic, regular initial data). The main body of evidence in favour of the strong hypothesis (no locally naked singularities from generic, regular initial data) comes from studies of the stability of the Cauchy horizon in black hole interiors. See [4] for an up to date review. Indirect, but equally significant evidence comes from the rigidity theorems for event and Cauchy horizons. See [5] for recent results and references.
There are of course a plethora of solutions of Einstein's equation which admit naked singularities. Those which have received most attention, and which can arise from regular initial data, are those generated in spherical dust collapse [6] , spherical massless scalar field collapse [7] and self-similar spherical collapse [8, 9, 10] . All refer to highly symmetric specialised situations. Nonetheless, they contribute greatly to our understanding of the issues involved in cosmic censorship. Indeed the study of the singularities arising in massless scalar field collapse led to a weak cosmic censorship theorem for this case [11] which, among other things, may serve as a template for generalisations. Thus there may be much to be learned from studying such specialisations.
In this paper we study cosmic censorship for such a specialised situation. We consider spherically symmetric self-similar space-times of a certain class ('no pure outgoing radiation'). See the following section for a complete description of the class of space-times studied. By self-similarity, we mean what Carr and Coley [10] refer to self-similarity of the first kind; space-time (M, g) admits a homothetic Killing vector field ξ:
Using an advanced time coordinate v and the radius function r as coordinates in the radial 2-space, we can write the line element as
where F and ψ depend only on the similarity variable x = v/r and the homothetic Killing field is
While assuming spherical symmetry and self-similarity is a severe restriction on the allowed structure of space-time, both these symmetries play an important role in gravitation. Spherical symmetry is a useful approximation for a collapsing compact object which becomes more accurate at the later stages of collapse as the object radiates away its higher multipole moments. The role of self-similarity in general relativity has recently been recognised as being quite significant, in particular as a symmetric state which various systems approach asymptotically [10] and in critical phenomenon [12] .
Numerous authors have studied spherically symmetric self-similar collapse [13, 9, 14, 8, 15] ; see section 4.1 of [10] for an up to date review. The authors all find that significant sectors of the classes of solutions being studied admit naked singularities; in some instances (e.g. [8, 15] ) these can arise from regular initial data which are asymptotically flat.
As yet, the stability of these solutions and their Cauchy horizons has not been completely determined, and so their significance for cosmic censorship remains in question. See however Section 4.4 of [10] and [16] for results on stability; the latter have shown that the blue-sheet instability associated with the Cauchy horizon in black hole interiors is not present in self-similar collapse. There is an associated stability issue which also needs to be addressed, namely are the solutions admitting naked singularities stable in the class of solutions being studied? If the answer is negative, then these solutions certainly do not provide significant evidence against cosmic censorship. Of course one must also determine if the solutions arise from regular, asymptoticlly flat initial data, i.e. do the solutions describe gravitational collapse of a compact object?
We now give a brief description of what follows and a summary of our main results. The physical model under discussion is described in Section 2. This can be described as the gravitational collapse of spherically symmetric, self-similar thick shells of matter/energy which do not admit any pure outgoing radiation. The inner boundary of the shell traces a spherical null hypersurface in space-time, interior to which space-time is flat. The matching problem across this boundary is addressed. The line element is shown to depend on just one function F of the similarity variable x = v/r. As stated, no particular matter model is assumed, but the matter is assumed to satisfy the strong and dominant energy conditions. These are discussed in Section 3 and it is shown how they identify in a natural manner a class of functions F to which F may belong. This in turn identifies the class of space-times which are the subject of this paper. We point out the existence of singularities at the centre r = 0 of these space-times and identify the apparent horizon.
In Section 4, we show how the null geodesic equations reduce to a pair of first order equations. We give necessary and sufficient conditions for the occurence of naked singularities (i.e. future pointing null geodesics which terminate in the past at the singularity) in terms of the behaviour of F . It is shown that the existence of a radial null geodesic which emanates from the singularity is a necessary and sufficient condition for the existence of non-radial null geodesics which emanate from the singularity.
The conformal diagrams for these space-times are derived in Section 5. We classify the space-times according to (i) the asymptotic behaviour (as x → ∞) of F , which relates to the occurence or otherwise of an apparent horizon, and (ii) the occurrence of naked singularities, which depends on the existence and number of intersections of the graphs of F (x) and 1/x. This classification is made possible by virtue of the structure of F . There are nine inequivalent conformal diagrams (i.e. inequivalent classes); all but 3 of these admit naked singularities. One admits only locally naked singularities, all the others admit globally naked singularities.
In Section 6 we discuss the topological stability of the subclasses of solutions in the set F . The energy conditions allow us to introduce a natural topology on F . It is shown that the sets corresponding to globally naked singularities and to censored singularities are stable in the sense that they have open subsets. The set of locally naked singularities is shown to be unstable; it lies on the boundary between globally naked and censored singularities. An unstable subset of censored singularities is also identified.
The initial value problem for these space-times is discussed in Section 7. A regular initial data set is identified and an appropriate measure of the initial data is defined. We show that if the data are sufficiently small (i.e. sufficiently close to the trivial data, for which the evolution leads uniquely to Minkowski space-time), then the evolution, independent of the matter source apart from adherence to the energy conditions, necessarily leads to naked singulariites. We also give conditions on the initial data, essentially that they be sufficiently large, which guarantees that the evolution leads to a censored singularity. By introducing a cut-off point (or rather 2-sphere) on the initial data surface, beyond which the data are that of the Schwarzschild vacuum, the initial data are made to be asymptotically flat. However if the 3-metric and extrinsic curvature of this patched initial data surface are respectively differentiable and continuous, then the energy conditions are violated: all the solutions of this class are ruled out. Requiring that the 3-metric and extrinsic curvature be continuous allows all sectors of solutions found above.
Thus we demonstrate the existence of asymptotically flat initial data, which are arbitrarily close to the trivial data and which allow the development of naked singularities. The data are continuous, but not differentiable. Some concluding comments are given in Section 8.
Our main results are given in the list of propositions in Sections 6 and 7. The results of Sections 4 and 5 are summarised in the conformal diagrams, Figures 2-10; the detailed calculations of these sections can be ignored on a first reading. We use the conventions of [17] , and a bullet • indicates the end (or absence) of a proof.
The physical model
We consider the following situation. Minkowski space-time is perturbed by the radial infall of gravitating field, which propagates inwards from J − . The influx is switched on at a certain finite time, and so the deviation from flatness commences on a spherical null hypersurface N of constant advanced time. Thus space-time consists of the union of M 1 , which is a portion of Minkowski space-time and lies to the past of N , and a self-similar region M 2 , which lies to the future of N . The situation is illustrated in Figure 1 .
Taking V to be advanced time in M 1 , we can write the line element as
where dΩ 2 is the line element for the unit 2-sphere, and taking v to be an
Figure 1: Conformal diagram of the physical model. M 1 is a portion of Minkowski space-time; the region M 2 is self-similar and contains no pure outgoing field. The arrows represent the influx from past null infinity J − . The spherical null hypersurface N divides the two regions of space-time.
advanced time coordinate in M 2 , we can write the line element of this region in the form
The assumption of homotheticity implies that F = F (x), ψ = ψ(x) where the similarity variable is given by x = v/r. Consider the matching problem across N , which we take to be the surface V = V 0 of M 1 and the surface v = v 0 of M 2 . In analogy with the case of collapsing fluid or collisionless matter, we wish to rule out the existence of a distributional shell of matter/energy on N : we impose a smooth transition on moving from M 1 into M 2 . Spherical null shells have been discussed in [18] . The physical parameters of the shell (energy, normal forces, transverse pressure) are determined by the terms
where E = r(1 − 2F )/2 is the Misner-Sharp mass of the space-time and [·] represents the discontinuity in a given quantity across N . For M 1 , E = ψ = 0 and so using the coordinates v, r on N , we have
The shell and the accompanying distributional curvature are absent iff σ = P = 0. Thus from (2) we must have
Since N extends from J − (whereat r = +∞) to the centre r = 0, if v 0 = 0, this would imply that F (x) ≡ 1/2 for all x (without loss of generality, v 0 ≥ 0). Eqn. (3) would then give ψ =constant, and so M 2 , and hence the entire space-time, would also be a portion of Minkowski space-time. Thus the matching must be done across v 0 = 0. This yields
From (3), we see that there is no restriction on ψ(x); P automatically vanishes. However, we will assume henceforth that ψ is constant, and without loss of generality, ψ = 0. This is a mathematical assumption made to simplify the problem at hand, but it has a clear physical interpretation. We have
where l is tangent to the radial ingoing null direction. Thus by setting ψ = 0, we are excluding the existence of such a flux: there is no pure outgoing component of field. We may refer to the line element (1), with ψ = 0, as the line element appropriate to an influx of field. So we will consider the line element
where x = v/r, v ∈ [0, ∞) and r ∈ [0, ∞). We take F ∈ C 2 [0, ∞) in line with the usual differentiability conditions imposed on the metric tensor [17] .
Energy conditions
Spherically symmetric homothetic collapse has been considered by numerous authors (see [10] for a review). The matter models most commonly studied are scalar fields, perfect fluids, null fluids, electromagnetic fields and combinations of these. Not all of these are compatible with the line element (5) . One of the most striking features of these studies is the common occurrence of naked singularities (NS). Our ultimate aim here is to give a complete description of the possible occurrence of naked singularities in the class of space-times described above, and to address the stability of the accompanying Cauchy horizon. For generality, we will not restrict to a particular matter model, but will instead restrict to such space-times as obey the strong and dominant energy conditions. These result in a set of differential inequalities which must be satisfied by F (x), and so restrict its global behaviour. There is of course a consequent restriction on the allowed global behaviour of the space-time.
In spherical symmetry, the Riemann tensor and its invariants are completely specified by the following set of scalars: the Misner-Sharp energy E; the Newman-Penrose Weyl tensor term Ψ 2 , calculated on a principal null tetrad; the Ricci scalar R and the Ricci tensor terms R ii , R oo and R io where the subscripts i, o refer to contraction with respectively the tangent to the future directed radial ingoing and outgoing null directions. These last three are not invariant, but rescale when the radial ingoing and outgoing tangents l, k are rescaled (note however that the signs of these terms are invariant). Note that the term e 4f R ii R oo where e −2f := g ab l a k b , is an invariant, and it is this term which appears in the energy conditions.
It can be shown that the strong energy condition (SEC) (i.e. R ab u a u b ≥ 0 for all causal u a ) is equivalent to
The weak energy condition (WEC) (i.e. T ab u a u b ≥ 0 for all causal u a ) is equivalent to (6) , (7), (8) and
The dominant energy condition (DEC) (i.e. −T ab u b is future directed and causal and T ab u a u b ≥ 0 for all future directed causal u a ) is equivalent to (6), (7), (8) and
For the line element (5), we find
R ii = 0,
where we use the scalings l a = δ a r and k a = δ a v + 2F δ a r . Thus the strong energy condition is equivalent to
The weak energy condition is equivalent to (13) , (14) and
The dominant energy condition is equivalent to (13) , (14), (16) and
We will say that the function F satisfies the various energy conditions if it satisfies the appropriate set of inequalities above. The appropriate sets of conditions hold for x ≥ 0. The consequences of the strong energy condition are quite straightforward: F is non-increasing and convex. Recalling that F (0) = 1/2, we have
Integrating (14) once, we find that (13) and (18), we have G ≤ 0 and so there exists l ≤ 0 such that G(x) ≤ l and
Thus for any ǫ > 0, there exists x 0 ≥ 0 such that
Integrating from x 0 to x ≥ x 0 , we find that for any ǫ > 0, there exists x 0 ≥ 0 such that
for all x ≥ x 0 . In particular, the limit
exists (by which we mean exists and is finite). We define the vector space
The work above shows that
is a subset (though not a subspace) of G. In fact it is easily verified that F is a convex subset of G: if
For the remainder of this paper, we will consider the line element (5) subject to the condition that the only non-trivial metric function F is in the set F . The identification of the sets G and F will allow us to put a topology on the space of solutions and consider stability issues.
Before considering the allowed global structure of the space-time, we check for the occurrence of curvature singularities. In spherical symmetry, the Kretschmann scalar is given by
For the line element (5), this can be written in the following positive definite form:
Recalling that x = v/r, we note that the centre of the space-time to the future of the matching hypersurface N corresponds to v > 0, r = 0, or v > 0, x → +∞. Divergences of K along v = 0 must be ruled out, since this corresponds to the matching surface N and to (a portion of) past null infinity. We see then that K either vanishes identically, or diverges at r = 0, v > 0. The question of whether or not K diverges at the boundary points corresponding to r = v = 0 depends on the direction of approach, but typically, there will be a curvature singularity at (v = 0, r = 0). Lake and Zannias [9] have emphasised that these singularities are therefore purely kinematical: from the structure of K above, we see that they arise from the assumption that the space-time possesses a homothetic Killing vector field. There is no dynamical input to the formation of the singularity. However, it is possible that there is a dynamical input to the temporal nature of the singularity, and it is with this issue that we will mainly concern ourselves. Finally in this section, we note that since E = r(1 − 2F )/2, the apparent horizon of the space-time corresponds to a root of F (x), if such a root exists. Furthermore, since F is non-decreasing and convex, either F has no roots, a unique root x H or there exists x H such that F (x) ≡ 0 for x ≥ x H .
Null geodesics
The geodesic equations are derived from the Lagrangian
where we have included the fact that without loss of generality, the motion proceeds along θ = π/2. The overdot represents differentiation with respect to an affine parameter τ . The conservation of angular momentum giveṡ φ = L/r 2 for some constant L. The geodesic equations arë
and we have the following first integral which may replace one of these equations:
The homothetic symmetry results in a further first integral. The second order equation for x = v/r derived using (21) and (22) is integrable, yielding
for some constant k. Thus the null geodesic equations reduce to the first order system (23), (24). Our aim in this section and the next is to construct all possible conformal diagrams for the space-times under consideration, focussing on the occurrence of naked singularites and Cauchy horizons. Thus we consider first radial null geodesics, which correspond to L = 0.
Radial null geodesics
Taking L = 0 and writing (23) and (24) as equations for v and x, we obtaiṅ
The ingoing radial null geodesics are given byv = 0 ⇒ v = v 0 =constant, along which we haveẋ
where we have assumed without loss of generality that the geodesic is future directed. Then taking x = x 0 at affine parameter time τ = τ 0 ,
Notice that the x → +∞ (corresponding to v = v 0 , r = 0) in finite affine parameter time, while x ↓ 0 as τ → −∞. This corresponds to past null infinity; v ≥ 0, r → ∞. Thus the ingoing radial null geodesics in the selfsimilar region are past-complete, but future incomplete as they run into the curvature singularity along r = 0 at a finite time in the future. For the outgoing radial null geodesics, we have
along withẋ
Notice that x = x 0 is a solution of these equations iff x 0 is a root of F = 1/x. This solution corresponds to a naked singularity of the space-time: x = x 0 is a future directed null geodesic which extends back to the singularity at r = 0, v = 0. The smallest such x 0 corresponds to the first (earliest) singularity of the space-time; then x = x 0 is a Cauchy horizon of the space-time. Along such a geodesic, we have from (22) thaẗ
Integrating givesṙ
, whereṙ 0 =ṙ(τ 0 ), r 0 = r(τ 0 ) and τ 0 is an arbitrary value of the affine parameter along the geodesic. Thus the geodesic terminates (in the past) at a gravitationally strong singularity iff
then the singularity is infinitely far in the past, i.e. it is only reached as the affine parameter extends to −∞. Thus no local effects of the singularity could be felt by any observers in the space-time, but the predictability problem would remain: x = x 0 is a Cauchy horizon of the space-time. However the condition x 
.
Thus the limiting value x 0 of x = v/r must be a solution of F = 1/x. This may be a finite or infinite value of x. The latter would occur in the case where lim
which is not ruled out by the energy conditions. Thus there will exist future directed null geodesics emanating from the singular point (v = 0, r = 0) iff there exists x 0 ∈ (0, ∞] which satisfies
We will refer to such geodesics as naked singularity rays. As we shall see, there may also be naked singularities along r = 0, v > 0.
Non-radial geodesics
Next we consider the non-radial geodesics of the space-time. It has been shown elsewhere that any such geodesic impinging on the centre r = 0 of a spherically symmetric space-time terminates in a strong curvature singularity [20] . For this and the following reasons it is of interest to consider the question of naked singularity rays with angular momentum. In the situation where there exist radial naked singularity rays, doing so addresses the issue of genericity of the occurrence of NS rays in a fixed space-time. If only radial NS rays exist, one can consider them exceptional and of no real physical importance. In the case where there are no radial NS rays, the non-radial geodesics must be checked to guarantee that the singularity is censored. So consider the case where F (x) < 1/x for all x > 0, and where
These conditions are sufficient to guarantee that there are no future pointing radial null geodesics which terminate in the past at r = 0, v ≥ 0 (see Proposition 1 below). The geodesic equation (24) may be writteṅ
These yielḋ
We must have therefore
which implies that k > 0. This inequality may be rewritten as
Now suppose that one of these geodesics extends back to (v > 0, r = 0). Then along the geodesic, x → +∞. But then taking the limit in (31) and using (30) gives a contradiction. Thus this portion of the singularity is censored. Next consider the case of a non-radial ray which approaches (v = 0, r = 0) at a finite time in the past. Let x 0 be the limiting value of x = v/r; x 0 < +∞ from the above, and monotonicity implies that the limit must exist. But then thev equation above yieldsv ∼ c/v for some constant c; integrating and using the result in theẋ equation shows that x must diverge as the singularity is approached.
Thus for this class of singularities, the conditions which rule out the existence of radial NS rays also rule out non-radial NS rays. Now suppose that there exists x 0 < +∞ such that F (x 0 ) = 1/x 0 . Assume furthermore that there are values of x for which F (x) > 1/x. (This rules out the cases where F touches 1/x tangentially. Such solutions play an important role in the topological structure of the space of solutions F , but form a boundary set and so are exceptional. This is also the case for the class of censored singularities for which lim x→∞ F = 0.) So let x 1 (fixed) satisfy the inequality F (x) > 1/x, and let L be arbitrary.
which has future directed solutions emanating from the singularity v = 0. So for every point in the region F > 1/x, there is a 1-parameter (L) family of geodesics passing which originate at the singularity. Thus the radial NS rays are not exceptional.
Global structure
We construct the conformal diagrams for the space-times under consideration by investigating the behaviour of the radial nul geodesics. We build up a qualitative picture of the null geodesics in the v −r plane and, where necessary, confirm that the conformal boundaries are at finite/infinite parameter distance.
In the v − r plane, the ingoing radial null geodesics are vertical lines (v =constant). From the work of the previous section, these all originate at past null infinity, which forms a past null boundary of the space-times. These geodesics terminate at a finite time in the future at r = 0; the nature of this boundary depends on F .
The equation (23) for the outgoing radial null geodesics may be written as
where the prime indicates differentiation with respect to argument and throughout this section we consider the geodesics to be curves r = r(v) in the v − r plane. From (32) we obtain
We consider the solutions of (32) in the quadrant r ≥ 0, v ≥ 0, which corresponds to the future of the matching hypersurface N . Our results rely heavily on the fact that since F ∈ C 2 [0, ∞), there exists a unique solution of (32) through any point (v, r) with v > 0, r > 0 [21] .
We briefly recap on some earlier points. A solution x H of F (x) = 0 labels the apparent horizon of the space-time. F (x) > 0 is the regular region of the space-time and F (x) < 0 is the trapped region, as can be seen from (32). A solution x 0 of F (x) = 1/x is a naked singularity ray, which we will refer to as a naked singularity (NS) line. Our first main result is the following. This verifies that there are no naked singularity rays in the region x < x 0 , where x 0 is the smallest root of F (x) − 1/x. Proposition 1 Let x 0 be the smallest solution of F (x) = 1/x. Then there are no solutions of (32) in the region 0 ≤ x < x 0 which originate at the singularity.
Proof: Let (v i , r i ) be a point on the ray (i.e. on a solution curve of (32)). Then the hypothesis is that x i = v i /r i < x 0 , and so F (x i ) < 1/x i . The line x = x 0 is a solution of the geodesic equations, and so by uniqueness, the ray through (v i , r i ) cannot cross the line x = x 0 in the region (v > 0, r > 0).
Thus as v → 0
+ , we must have either r → 0 + or r → r * > 0. Suppose that the former occurs. Then by the mean value theorem, there must exist 0 < x i1 < x i such that
the solution curve extends back to the line x = x i1 . For any x i , 0 < x i < x 0 , the distance x i − x i1 is bounded below by
whereF is the one-one restriction of F to [0, x i ]. Thus the step from x i to x i1 reduces x by a finite amount for every x i . Furthermore, this finite value is bounded away from zero, and so a finite number of such steps will give
which is a contradiction. Thus the geodesic must reach v = 0, r > 0 at a finite time in the past (note that the geodesic then continues into the flat region M 1 of space-time)• The qualitative behaviour of the solutions of (32) depends on the occurrence of the roots of F and F − 1/x. The energy conditions studied in Section II constrain the sets of roots to be of a few certain forms. We consider here all the possibilities which yield inequivalent conformal diagrams. Before commencing this, we take note of the following. We have F (0) = 1/2. Since F ′ ≤ 0 and F ′′ ≥ 0 for all x ≥ 0, we must have either F (x) = 1/2 for x ≥ 0, which corresponds to Minkowski space-time, or F (x) < 1/2 for x > 0. We assume that the latter holds.
We begin the classification by considering the occurence of an apparent horizon in the space-time. This corresponds to the existence of a solution x H of F (x) = 0. Subject to F ′ ≤ 0, F ′′ ≥ 0 there are four possibilities, which we take to define the four main classes of solution.
Class I. There exists x H > 0 such that F (x H ) = 0 and −∞ ≤ lim x→∞ F (x) < 0.
Class II. There exists x H > 0 such that F (x) ≡ 0 for x ≥ x H . Class III. F (x) > 0 for all x ≥ 0, and lim x→∞ F (x) = 0. Class IV. F (x) > 0 for all x ≥ 0, and lim x→∞ F (x) = l > 0.
Class I
There are two main subcases here which we will refer to as Class Ia, where there are no NS lines (F (
Proof: By definitions, r ′ (v) = F (x) is negative and bounded away from zero in the region x > x B > x H , where x B is arbitrary but satisfies the inequality indicated. Also r ′′ < 0. Thus r(v) decreases to zero in a finite amount of v−time• For Class Ib, a ray originating in x < x 0 cannot cross x = x 0 . Along such a ray r ′ > 0 and r ′′ < 0; these rays extend to infinity as v → +∞. The rays in the region x 0 ≤ x ≤ x 1 all extend back to (v = 0, r = 0) (since they cannot cross x = x 0 , x = x 1 ) and for the same reason, extend out to infinity as v → +∞. Thus there is an NS ray through every point of this region.
For rays in the region 0 < x < x H of Class Ia, or x 1 < x < x H of Class Ib, there are two possibilitities. Either the ray crosses x = x H and terminates in the future at r = 0, v > 0, or it extends out to infinity. In the latter case, we would have x < x * ≤ x H for some x * and for x(v) along the ray for all sufficiently large v. Let x i be a value of x, x i < x H , along such a ray. By hypothesis, 1 − xF is continuous on the compact set [x i , x H ], and so has a positive minimum thereon; let this minimum be m > 0. Using (32), we have
Integrating yields which implies that x exceeds x * , giving a contradiction. Thus all such rays cross the apparent horizon. In the Class Ib case, these rays originate at (v = 0, r = 0). We distinguish two subclasses, ClassIb1 and Ib2 respectively, depending on whether x 0 < x 1 or x 0 = x 1 . In the latter case, the Cauchy horizon and event horizon coincide and the singularity is locally but not globally naked. These space-times are unstable; see the next section. This completes the qualitative description of the outgoing rays for Class I. The conformal diagrams are given in Figures 2,3 and 4 . is the Cauchy horizon of the space-time and the NS line x = x 1 is the event horizon (double line). The NS rays in the region between these two correspond to the globally naked portion of the singularity. The NS rays between the event horizon and the apparent horizon (bold) cross the latter and terminate at r = 0. These rays correspond to the locally naked portion of the singularity. 
Class II
As Class I, there are two subcases; Class IIa, where there are no roots of F − 1/x, and IIb where at least one root exists. The qualitative nature of the outgoing rays is the same as that for Class I, apart from one item. For x ≥ x H , the rays are given by r =constant and are thus future endless. Thus in Class IIa, where all outgoing rays cross the apparent horizon and are future endless, the censored singularity is null. In Class IIb, let x 0 , x 1 be respectively the smallest and largest roots of F − 1/x. All outgoing rays are future endless; only those in x > x 1 cross the apparent horizon. The resulting conformal diagrams are shown in Figures 5 and 6 respectively. Outgoing rays from (v = 0, r = 0) cross the apparent horizon (bold) iff they are emitted after x = x 1 (dotted line) which originates at (v = 0, r = 0) and meets the apparent horizon at J + . All outgoing rays extend out to infinity. There is no event horizon; the singularity (v = 0, r = 0) is globally naked and null.
Class III
There is no apparent horizon in this case. We distinguish between the following cases.
Class IIIa: F (x) < 1/x for all x ≥ 0. Proposition 1 implies that all outgoing rays originate on v = 0, r > 0; i.e. there are no naked singularities. We have r ′ > 0, r ′′ < 0 everywhere along the outgoing rays; these rays are future endless. r(v) may be bounded or unbounded as v → ∞ depending on the nature of F .
In Classes IIIb and IIIc, x 0 and x 1 are respectively the largest and smallest roots of F − 1/x. There may be any number of roots in (x 0 , x 1 ).
Class IIIb: There exist x 0 , x 1 with x 0 ≤ x 1 such that
All outgoing rays in the region x ≥ x 0 originate at the singularity (v = 0, r = 0) and are future endless. This is clearly the case for rays in the region
. For x > x 1 , we can apply F (x) < 1/x in (32) and integrate to obtain r > (
where r 0 = r(v 0 ). Thus decreasing v along such a ray, we see that it must lie between the lines x = x 1 and x = v 0 /r 0 . The curves in x ∈ [x 0 , x 1 ] extend to infinite values of r as v → ∞; those in x > x 1 may have bounded values of r. The past development of rays in x < x 0 is covered by Proposition 1; these rays are future endless and extend to infinite values of r. Class IIIc: There exist x 0 , x 1 with x 0 ≤ x 1 such that
The outgoing rays in x ∈ [x 0 , x 1 ] emanate from (v = 0, r = 0). The rays in x > x 1 may originate at either (v = 0, r = 0) or at (v > 0, r = 0). None, all or some of these rays may originate at this latter boundary; we refer to these cases as IIIc1, IIIc2 and IIIc3 respectively. These rays are future endless and extend to infinite values of r. The other rays are covered by Proposition 1. Class IIId: The set S = {x ∈ (0, ∞) : F (x) = 1/x} is infinite and sup S = ∞. There must exist x 0 = min S ∈ S. The outgoing rays in x < x 0 are covered by Proposition 1. A ray in x ≥ x 0 must lie (on or) below the NS line x = x 0 and (on or) above some NS line x = x i ∈ S. Thus all these rays originate at (v = 0, r = 0) and so this case is identical to Class IIIc1.
The conformal diagrams for Class III are given in Figures 7-10 .
Class IV
In this case, there exist x 0 , x 1 , 0 < x 0 ≤ x 1 < ∞ such that All outgoing rays in x < x 0 originate on (v = 0, r > 0) and extend out to infinity. Rays in x ∈ [x 0 , x 1 ] originate at (v = 0, r = 0). Rays in
where (recall) 0 < l := lim x→∞ F (x). For rays in x > 1/l, this indicates that the rays originate at (v = 0, r > 0). Some or all of the other rays may also originate on this singular boundary. Those which do not, originate on (v = 0, r = 0). Thus the case where all rays originate on (v = 0, r > 0) (call this Class IVa) is identical to Class IIIc2; the case where not all these rays originate on (v = 0, r > 0) (call this Class IVb) is identical to Class IIIc3. The conformal diagrams for this class are given in Figures 9 and 10 . This completes the discussion of the allowed global structure of the spacetimes under consideration.
The most striking feature of these space-times is the common occurrence of naked singularities. Of the different classes studied above, the singularity is censored (i.e. does not admit future directed causal geodesics which terminate in the past on the singularity) for Classes Ia, IIa and IIIa only. We note that in this last case, there is no apparent horizon: this is not a necessary condition for the singularity to be censored. Another feature which arises is that in Classes II, III and IV, the naked singularity is always globally naked. Thus there seems to be a 'phase transition' between censored and globally naked singularities, which skips over locally naked singularities. However this is not the case in general, as can be seen from Class I, in the case where x 0 = x 1 . It appears that in this case the locally naked singularity solutions form a critical boundary between the censored and globally naked singularity solutions. This is borne out by the topological considerations of the following section.
In terms of significance for cosmic censorship, there are two important questions which must be addressed. Firstly, in the class of space-times being studied, are those which admit naked singularities generic, or can they be considered exceptional in some way? We address this question in the next section. Secondly, can these naked singularities arise from regular, asymptotically flat initial data? We address this question in Section 7.
Stability
In this section, we consider the topological stability of the various classes of solutions discussed above. Our main result is that the set of solutions with a globally naked singularity (GNS) may be considered to be stable and generic in the set of all solutions under consideration: this set of solutions contains an open subset -in a natural topology -of the set F . We also consider the topological properties of other sectors of the solution set. Locally naked singularity (LNS) solutions form an unstable boundary set lying between censored and GNS solutions, and while the set of censored singularity solutions is not open, the subset corresponding to a space-like singularity is open. We point out that Minkowski space-time is an interior point of the set of GNS solutions.
The space-times being studied lie in one-one correspondence with the set
, F satisfies SEC and DEC}, which as pointed out above, is a convex subset of the real vector space
The defining property of G suggests a suitable norm (from which a topology is inherited in the usual way). We define · : G → R + by
It is easily verified that this defines a norm on G. The cut-off at x = 2 could be done at any x = ǫ > 0, but is made at x = 2 for convenience: intersections of y = 1/x and y = F (x), which correspond to naked singularity lines can only arise if x ∈ [2, ∞) and it is convenient to have to deal with just one of the elements of the formula for the norm at such points. We define F N S and F CEN to be the subsets of F which correspond respectively to solutions which admit naked singularities and those which do not. From the previous section, we can write
F CEN and F N S form a partition of F . We introduce the following decomposition: F N S = F N S1 ⊔ F N S2 (disjoint union) where
Notice that all F ∈ F N S1 correspond to GNS space-times, while all LNS spacetimes correspond to F ∈ F N S2 . The important topological features, in terms of the existence of naked singularities, of the set of solutions F , are given by the following list of results.
Proposition 3 F N S1
is an open subset of F .
Proof: Let F ∈ F N S1 and let x 0 , x 1 be as in the definition of F N S1 . Let
Consider the neighbourhood of F in F defined by F − G < ǫ. For any G in this neighbourhood, we have
Thus for x ≥ 2, F − ǫx < G < F + ǫx.
In particular,
Thus G ∈ F N S1 and so F N S1 is open• We denote the topological boundary of a set A by b(A).
Proposition 4 F N S2 ⊆ b(F N S ).
Proof: Let F ∈ F N S2 and let x 0 be the least element of S (S is a root set of a continuous function and so x 0 ∈ S exists). Let ǫ > 0 and let
Then it is easily verified that G − ∈ F . Furthermore, it is clear that G − ∈ F CEN . Also
For k > 0, define
which is strictly bounded above by ǫ provided k is sufficiently close to 1 (F is fixed and so F − is a fixed number). Thus for any ǫ > 0, the ǫ−neighbourhood of F in F intersects both F CEN , which by definition, is the F −complement of F N S , and F N S1 , which being open, is a subset of the interior of F N S . Thus F ∈ b(F N S ). This completes the proof• We introduce the following partition of the subset of F corresponding to censored singularities:F CEN = F CEN 1 ⊔ F CEN 2 , where
Proof: Let F ∈ F CEN 1 , let x H be as in the definition and let x 1 > x H . Define l 1 = |F (x 1 )| > 0 and let
In particular, G(x 1 ) < F (x 1 ) + ǫ 1 x 1 = 0, so that G has a root; call this root x 2 . Let
By definition of F CEN , l 2 is strictly positive. Thus
where the last line comes about by the definition of ǫ 2 . Thus for
Proof: Let F ∈ F CEN 2 and let ǫ > 0. Let 0 < ǫ ′ < ǫ and define
Then it is easily verified that G − ∈ F and by definition of F CEN 2 ,
for all x > 0. It is clear that there exists x H > 0 such that G − (x H ) = 0 and
which is positive provided k < 1. So for k ∈ (0, 1), G + ∈ F N S . Also,
, which for any F ∈ F CEN 2 and ǫ > 0 may be made less than ǫ by taking k to be sufficiently close to 1. Thus every ǫ−neighbourhood of F ∈ F CEN 2 intersects both the interior and the complement of F CEN , proving the assertion• This gives a complete decomposition of the solution space into regions where the associated space-times admit naked and censored singularities. Both these sectors are stable in the sense that there are open subsets of both NS solutions and censored singularity solutions. Two other points of interest arise.
First, we see that the element of F corresponding to Minkowski spacetime, namely F M := F ≡ 1/2, is an interior point of F N S ; F M ∈ F N S1 . So in this class of solutions, there are arbitrarily small perturbations of Minkowski space-time which admit naked singularities. This feature is borne out when we consider these solutions from the point of view of the initial value problem.
Secondly, we see that those solutions which admit locally, but not globally naked singularities, are unstable. These solutions correspond to the subset of F N S2 for which elements F also have an isolated root, i.e. for which there exists x H such that F (x H ) = 0 and F (x) < 0 for x > x H . This describes the solutions of Class Ib for which x 0 = x 1 . Being a subset of the boundary set F N S2 , these solutions may be considered to form an unstable critical boundary between globally naked solutions and censored solutions.
These results describe a hierarchy of space-times, starting with Minkowski space-time and moving through globally naked and locally naked singularity space-times to space-times admitting only censored singularities. This scenario is in violation of some formulations of the cosmic censorship hypothesis.
The intial value perspective
The cosmic censorship hypothesis (CCH) addresses the nature of singularities which arise in the evolution of space-time, as governed by Einstein's equation, from regular, asymptotically flat initial data [22] . Thus demonstrating the existence of solutions of Einstein's equation without reference to initial data does not necessarily offer any evidence against cosmic censorship. In order to determine if the solutions studied here have any significance for the CCH, we consider how they arise as the development of initial data. We claim that the solutions studied here can indeed arise from regular, asymptotically flat intial data, albeit data of rather low differentiability. As the space-times are self-similar, a non-singular space-like slice is not naturally asymptotically flat. Asymptotic flatness is imposed by matching the self-similar region of an initial data slice with a slice of the exterior Schwarzschild solution. The full matching problem, i.e. that of joining an interior self-similar region with a vacumm exterior across a time-like hypersurface will not be considered here. It is sufficient for our purposes to consider the matching of the initial data surface.
In the space-time region prior to the Cauchy horizon (CH), the similarity variable x = v/r provides a natural time coordinate; we have
If the CH occurs at x = x CH (x CH = +∞ for censored singularities), then the slice Σ i := {x : x = x i < x CH } is a space-like hypersurface with unit future-pointing time-like normal
However such a surface does not provide regular initial data surface, as it includes the point (v = 0, r = 0) and consequently scalar invariants of the Riemann tensor will be infinite on Σ i . This problem can be avoided by taking the initial data surface to be
where λ, ǫ are chosen so that Σ As seen in Section 2, the space-times being studied inevitably have a curvature singularity at (v = 0, r = 0). This is a consequence of the assumption of homothetic symmetry (self-similarity), and may be viewed as being purely kinematical. In particular, it cannot be ascribed to the magnitude of the initial data on Σ ′ i ; these data (as described below) inevitably lead to a curvature singularity (except in the case of trivial data). Since these data implicitly contain a singularity, they may be considered to be on the same footing (as regards the initial value problem) as the more easily accessible data prescribed on Σ i , which are explicitly singular. The specification of the regular data on Σ ′ i and the assumption of self-similarity completely and uniquely determine the singular data on Σ i . From this point of view, we may consider the data on Σ i to be regular. Thus, apart from the question of asymptotic flatness, which we will deal with later, these data are appropriate for the consideration of the question of cosmic censorship, i.e. the question of how the temporal nature of the singularity relates to the initial data.
The initial data on Σ i consist of the 3-metric h αβ , the extrinsic curvature K αβ and the initial data for the matter fields which generate the geometry. As we have not specified the matter distribution of the space-time, we cannot specify the last of these. However these data are not freely specifiable, as they are subject to the initial value constraints,
and so the free initial data consist of h αβ and K αβ . In local coordinates ξ α = (r, θ, φ) on Σ i , these have components
where
We note that the Ricci scalar of Σ i is given by
The trivial data, i.e. those corresponding to Σ i being a slice of Minkowski space-time, have F i = 1/2, F ′ i = 0. With these data, the energy conditions (which necessitate F ′ ≤ 0, F ′′ ≥ 0) yield F ≡ 1/2, and so the entire spacetime is flat. Notice however that even for these data, Σ i is singular both at the origin r = 0, and in the limit as Σ i approaches a null hypersurface (i.e. as x i approaches the first root of F − 1/x). This occurs at x = 2 for the trivial case. This is an indication that these features of general initial data are unimportant.
Our aim now is to write down an appropriate measure for the initial data. Subject to the assumptions made thus far, we see that the data on a fixed Σ i are completely specified by the two parameters F i and F ′ i . These are subject to the constraints F i ≤ 1/2, F ′ i ≤ 0 and the first order energy condition (16) . These are the only restrictions on the data {F i , F ′ i }, and we will assume henceforth that these inequalities are satisfied. The trivial data are F i = 1/2, F ′ i = 0. Thus instead of using a standard measure of initial data as in [17] or [2] (which in any case would not be well defined for these singular hypersurfaces), we will use
Note that µ i ≥ 0 and that µ i = 0 iff the data are trivial.
The following results describe connections between the magnitude of the initial data described here and the temporal nature of the singularity. The first result gives a sufficient condition on the initial data for the singularity to be naked.
Proposition 7
For every x i > 0 and 0 < F i < 1/x i , there exists ǫ i > 0 such that if the initial data {F i , F ′ i } satisfy µ i < ǫ i , then the corresponding space-time contains a naked singularity.
Proof: A sufficient condition for the graph of F , passing through (x i , F i ), to intersect the graph of 1/x is that for some x 1 > x i , F lies above the line through (x i , F i ) which is tangent to 1/x at x 1 . So let x 1 > 2 be arbitrary. Equating the slope of the line joining (x i , F i ) and (x 1 , 1/x 1 ) with the tangent slope −1/x 2 1 , and taking the appropriate root of the resulting quadratic equation gives
Then since F ′ ≤ 0 and F ′′ ≥ 0, a sufficient condition for F to intersect 1/x is that |F
We show that for each x i , by taking ǫ i > 0 to be sufficiently small, this condition is satisfied. So let ǫ > 0 and assume that µ i < ǫ. Then F i > −ǫ + 1/2 and |F ′ i | < ǫ. The inequality (36) is satisfied if
The condition F i > −ǫ + 1/2 guarantees that the right hand side of (37) is positive provided
which restriction we assume henceforth. Then (37) holds iff
Again F i > −ǫ + 1/2 will imply this inequality, provided that
The left hand side here is a continuous function of δ which is negative at δ = 0. Thus for all x i > 0, there is an interval's worth (0, δ i0 ) of positive values of δ for which (40) is valid. Taking ǫ i to be the smaller of δ 2 i0 and (
) 2 proves the conclusion of the theorem• It is of interest to look more closely at (40) for different values of x i and hence to determine an upper bound for the value of ǫ i required for the application of Proposition 7.
If x i > 3, (40) is valid for all δ, and so (38) is the only restriction required for ǫ.
If 1 < x i < 3, then (40) is valid for δ ∈ (0, δ i1 ), where
, and we require √ ǫ i < min{( √ 3 − 1)/2, δ i1 }. The same holds for 0 < x i < 1.
For x i = 3, (40) is valid for all delta except δ = 1/2, so we require (40) is valid for δ < 1/4, and so we require √ ǫ i < min{(
From these, it is straightforward to show that ǫ = (5 − 2 √ 6)/2 ≃ 0.05051 is a sufficiently small value for the conclusion of the theorem to be valid for all x i ∈ (0, 2).
The following result provides a sufficient condition for the singularity to be censored.
Proof: Since µ i > 1/2, we must have either F i ≤ 0, in which case the singularity is censored, or |F ′ i | > 1/2 and F i > 0. So assume that the latter holds. From (16) , which is one of the conditions implied by the dominant energy condition, we have
x .
At x = x i and taking signs into consideration, this gives
Hence taking the larger term to calculate µ i , we must have
giving, using (41),
contradicting F i > 0. Thus this case cannot arise and the singularity must be censored• Notice that the proof of this Proposition concludes that F i ≤ 0. This is a trivial condition for the singularity to be censored; the initial data surface already contains trapped surfaces. Such data should be excluded from cosmic censorship considerations. The following censorship result does this.
then the singularity is censored.
Proof: The proof relies heavily on the energy conditions. Remember that a sufficient condition for the singularity to be censored is that there exists x 0 > 0 such that F < 1/x on [x i , x 0 ) and F (x 0 ) < 0. Integrating the dominant energy condition (17), we see that g(x) (defined below) is nonincreasing; (13) and (16) show g to be non-negative. Thus
for all x ≥ x i . Integrating this inequality over the interval [x i , x], we obtain
To complete the proof, we show that there exists x 0 > 0 such that h < 1/x for x ∈ [x i , x 0 ] and h(x 0 ) < 0. Define u(x) = xh(x) − 1. Then h(x) < 1/x iff u(x) < 0. Note that u is cubic in x with positive coefficent of x 3 . We calculate
where the second and third inequalities come about from the hypotheses of the Proposition. Since u is a cubic function, these conditions are sufficient to guarantee that u < 0 on [x i , 2x i ]. To complete the proof, we note that
which is negative by hypothesis• This Proposition improves on Proposition 8. In this case, the initial data include the 'no trapped surfaces' condition F i > 0. We note that the hypotheses constrain F i to satisfy F i < 1/3, and so we see that the result says that if the initial data are sufficiently large (as measured by µ i ), then the singularity will be censored.
We have not investigated the nature of initial data lying in the region ǫ i ≤ µ i ≤ λ i . In particular, we have not checked for the presence of critical boundaries in the initial data space which may mark the transition from globally naked to locally naked singularities, or from naked to censored singularities. In the absence of a full theory, i.e. a specification of the matter distribution of the space-time, it does not make sense to do so, as it is possible that the same initial data (F i , F ′ i ) would evolve differently (naked or censored singularity) depending on the matter distribution. For example, if we specify that the energy-momentum tensor is that of a null fluid (in which case the space-time is the self-similar Vaidya space-time), then we have
The singularity is censored if γ > 1/16, locally naked if γ = 1/16 and globally naked if γ < 1/16. In the critical case, the straight line graph of F is tangent to 1/x. Thus the critical value of γ is 1/16, which translates into critical values of the initial data
Now consider these data for any other matter model in which F ′′ = 0. The non-vanishing second derivative will cause the graph of F to bend upwards (F ′′> 0) from the straight line Vaidya position, and so the initial data which correspond to the critical Vaidya solution will lead to a globally naked singularity in such a matter model.
The three propositions of this section reinforce the hierarchical interpretation set out in the previous section. Again, the solutions close to Minkowski space-time -this time in the sense of the data being arbitrarily close to trivial -admit globally naked singularities, while the singularities in those spacetimes which are sufficiently far from Minkowski space-time are censored.
One issue remains; the data sets studied here are not asymptotically flat. In the remainder of this section, we show that the intial data surface Σ i may be matched at a finite radius to an asymptotically flat initial data surface. The resulting initial data sets are asymptotically flat, and reproduce the behaviour described by Propositions 7 and 9 above.
So we consider this situation. The new initial data surface is formed by taking a space-like slice through the space-time formed by matching a selfsimilar interior region as described by (5) with F ∈ F across a time-like boundary with the exterior Schwarschild solution. Taking the boundary of the infalling homothetic field and the vacuum region to intersect this slice Σ if at r = r 0 , the slice will thus consist of an interior portion of Σ i , joined across r = r 0 with a space-like slice of the exterior Schwarzschild solution. We write the line element for the exterior Schwarzschild field using the advanced time null coordinate w;
where △ = 1 − 2m/r and m is the Schwarzschild mass parameter. We consider the hypersurface Σ ext given by w = h(r), where h ∈ C 2 [r 0 , ∞). This hypersurface is space-like iff ρ 2 := 2h
, which is assumed henceforth. In coordinates ξ α = (r, θ, φ), the components of the 3-metric and extrinsic curvature of w = h(r) are respectively
Thus the initial data surface Σ if consists of the union of Σ i for 0 ≤ r ≤ r 0 and Σ ext for r 0 ≤ r ≤ ∞. The initial data are the 3-metrich αβ and extrinsic curvatureK αβ , whose components in the coordinates ξ α = (r, θ, φ) arē
Demanding various degrees of smoothness ofh αβ andK αβ across r = r 0 will put constraints on x i , F i , F ′ i . We consider the effect of these constraints for the existence or otherwise of the various classes of solutions found above, in particular for those solutions admitting naked singularities. We denote the value of a function T (r) at r = r 0 by T 0 .
Continuity ofh αβ across r = r 0 requires that
This gives κ = ρ 0 . Continuity ofK 22 andK 33 gives
Using (44) then gives
Continuity ofK 11 gives 2 x
Now if we also require thath αβ be differentiable across r = r 0 , then we obtain the further constraint
We consider the implications of this assumption. If m = 0, then (47) gives F i = 1/2, which is the trivial case, so from (49) we must have
This corresponds to 2x i F i = 1 which we will assume henceforth. We then have from (46), (47) and (49)
in which case (48) yields
Recall that the energy conditions (13) and (16) require that F ′ ≤ 0 and 2xF ′ − 2F + 1 ≥ 0. These must be satisfied at x = x i , otherwise SEC and/or DEC will be violated throughout the space-like slice Σ i . It is readily verified that these inequalities cannot both be satisfied with F ′ i subject to (50). Thus we have the following result.
Proposition 10 Consider the initial data surface Σ if consisting of an interior portion lying in the self-similar region with line element (5) with F ∈ F , truncated at the origin to avoid the singularity, and an exterior portion lying in the Schwarzschild space-time. Then Σ if cannot have both a 3-metric which is differentiable and an extrinsic curvature tensor which is continuous for all r > 0 • Thus demanding this degree of regularity for the initial data constructed above rules out all of the solutions being considered here, in particular those containing naked singularities. This is a rather harsh version of cosmic censorship for these space-times.
We now consider the situation where the 3-metric and extrinsic curvature are only assumed to be continuous. Then the constraint (49) is dropped, and h 
Then (48) becomes
The energy conditions (13) and (16) are satisfied iff
(The strict inequality arises by imposing strict inequality in (13) which has the effect of ruling out the trivial situation F ′ i = 0.) This last inequality gives an allowed range of values of α. We now show that within this range of allowed values, both naked singularity solutions and censored singularity solutions survive.
Proposition 11 For every 0 < x i < 2, if m/r 0 > 0 is sufficiently small, then all space-times which evolve from the initial data set {Σ if ,h αβ ,K αβ } subject to continuity, but not differentiability ofh αβ andK αβ , admit naked singularities.
Proof: We apply Proposition 7, which shows that if 1/2 − F i and F ′ i are sufficiently small, then the singularity is naked. Note also that by (47), m/r 0 → 0 ⇔ F i → 1/2. Thus to prove the proposition, it is sufficient to show that lim (1 − 2F i ) = 0, which proves the proposition• There are also censored singularities among these data:
Proposition 12 Let x i < 1, 0 < F i < 1/4. Then there is an interval of allowed values of α such that the continuous initial data {h αβ ,K αβ } evolve to a censored singularity.
Proof: The proof relies on Proposition 9. We show that we can choose α, subject to (52), so that F ′ i satisfies the continuity condition (51) and the hypotheses of Proposition 9: F ′ i < −1/4x i and F ′ i < −F i /x i . Given (51), the first of these inequalities is satisfied iff
The right hand side here is strictly less than 2 provided F i < 1/4. The second of the inequalities required for Proposition 9 is satisfied iff
Again, the right hand side is bounded above by 2 since F i < 1/4. Now let α 1 be the maximum of the right hand sides of (53) and (54). Then α takes on allowed values and the hypotheses of Proposition 9 are satisfied for α + 3 ∈ [α 1 , 2], which is non-empty•
Conclusions
We have classified, in terms of their global structure, all spherically symmetric self-similar space-times of a particular form. The physical significance of these rests on the fact that they satisfy the strong and dominant energy conditions. We have shown that the set of solutions admitting naked singularities and that admitting censored singularities are both stable in the sense of containing open subsets in the space of solutions. We have also identified a portion of the critical boundary separating these sets; this portion corresponds to space-times admitting locally naked singularities. Furthermore, we have given examples of space-times which arise from regular asymptotically flat initial data and which nonetheless admit both globally and locally naked singularities. Those solutions which admit naked singularities arise when the data are sufficiently small. Thus naked singularities can arise from initial data which come about due to a small perturbation of the trivial data, for which the evolution leads to Minkowski space-time. The degree of 'regularity' of the initial data is quite low; if the 3-metric is assumed to be differentiable throughout the chosen slice, then the energy conditions are violated and the solutions are ruled out. It is this low degree of smoothness which prevents these solutions from violating the global stability theorem for Minkowski space-time [1] . One can also invoke this low degree of differentiability as a reason why these solutions should not be considered to violate cosmic censorship. There are of course further reasons, the most compelling of which is the highly specialised nature of these solutions, corresponding as they to do spherically symmetric, self-similar collapsing thick shells of matter with a light-like inner boundary and with no outgoing radiation. Thus they fail the 'seriousness' criterion which should be applied to would be counter-examples to cosmic censorship on the grounds of not supplying sufficiently general initial data. However this view must take account of the important role played by self-similarity in general relativity [10] . Self-similar solutions arise as asymptotic end-states of various configurations in general relativity, including spatially homogeneous cosmologies and for some spherically symmetric situations. Self-similarity also plays a crucial role in the understanding of critical phenomena in gravitation [12] . There exists the possibility that realistic gravitational collapse can lead to an asymptotically self-similar state. If that is the case, one could then pick up regular initial data at a late stage of the collapse for which the assumption of self-similarity would be justified. In this situation, the solutions studied here would be of some relevance.
Finally, we point out that an important step in determining the significance of the results present here would be to remove the assumption that ψ ′ (x) = 0 and so to include pure outgoing radiation. The main increase in the degree of difficulty of the problem would be that the energy conditions, which have played a central role here, change from being linear differential inequalities for one function to non-linear differential inequalities for two functions. This difficulty notwithstanding, is would be more surprising if the results here were not reproduced in the general case (ψ ′ (x) = 0) than if they were: as Waugh and Lake have shown [16] , naked singularities in spherically symmetric homothetic collapse are identified with root sets of certain algebraic equations, just as is the case here. The space of solutions analogous to F here would be more complicated, but as the key identification marks of naked and censored singularities are respectively the existence and absence of roots of an algebraic equation, one would expect both subsets of solutions to be topologically stable.
